The purpose of this short review communication is to present some recent results on the effects of stable density stratification on the three-dimensional turbulent dynamics of "thin" fluid layers forced at intermediate scales. In particular, how the stratification and the confinement affect the mechanism of kinetic and potential energy transfer between different scales. Results on two-dimensional vertically stratified flows and possible applications for stably stratifed atmospheric boundary layer will be shortly discussed.
Introduction
In many geophysical flows, the fluid motion is confined by material boundaries into "thin" layers with thickness much smaller than the typical horizontal scales of motion, while being at the same time much larger than the dissipative viscous scales. Numerical simulations and laboratory experiments (see for example Celani et al. [4] , Shats et al. [6] , and Xia et al. [8] , and references therein) have shown that a mixture of two and three-dimensional dynamics can arise for flows confined in quasi two-dimensional geometries. In particular, when the thickness of the fluid layer is smaller than the length scale of the forcing, the turbulent cascade of kinetic energy injected by external forces splits in two parts. A fraction of the energy is transferred toward small, viscous scales as in three-dimensional turbulence, while the remnant energy undergoes an inverse cascade toward large scales as in two-dimensional turbulence. The key parameter which determines the energy flux of the two cascades is the ratio S = L z /L f between the confining (vertical) scale L z and the length scale of the forcing L f (see Celani et al. [4] ).
Beside the confinement, other physical mechanisms can affect the effective dimensionality of geophysical flows as, for istance, the presence of a stable stratification of density. Several studies show that in the limit of strong stratification the turbulent flow is characterized by a cascade towards small scales of both kinetic energy and potential energy. Since in the absence of stable stratification the turbulent dynamics of thin fluid layers shows the development of an inverse cascade -which is absent for strong stratication -it seems natural to investigate the physical mechanisms bridging the two cases Of particular interest is the analysis of Sozza et al. in [7] , where are studied the consequences of stable stratification on a thin layer of turbulent flow and the effect on the direction of the energy cascade. By high-resolution numerical simulations, performed using the Boussinesq approximation, the authors investigate the mechanisms of transfer of kinetic and potential energies in a stably stratified turbulent flow forced at intermediate scales and confined in fluid layers with variable aspect ratio. They show that the turbulent cascade of potential energy acquired by the fluid acts as a new channel for dissipation that reduces the large-scale flux of kinetic energy and eventually prevents the development of the inverse cascade. They also discuss the role of vortex stretching and the flux of enstrophy (the space-average of the square of the vorticity) in the transformation of kinetic energy into potential energy at small scales.
For the reader interested in cascades and transitions in turbulent flows, as in turbulence phenomenology for different kind of flows, we suggest the recent review of Alexakis and Biferale [1] .
Neutral and stable stratification on thin layer
In order to build the discussion of the phenomenology described above onto more quantitative foundations, we introduce the equations of motion for an incompressible, variable density viscous fluid written in the Boussinesq approximation, namely:
Here, u = (u 1 , u 2 , u 3 ) is the velocity field, and φ is proportional to the deviation of the density field from the linear vertical (z direction) profile = 0 + γ (φ/N − z), with γ being the mean density gradient and N denoting the Brunt-Väisälä frequency defined as N 2 = γg/ 0 , with g standing for the gravity acceleration. The molecular viscosity and diffusivity are, respectively, ν and κ. The flow is sustained by the external force f which is active on a characteristic correlation scale L f , providing an energy input rate ε f . The total energy density is given by the sum of kinetic and potential contributions, namely
where we average over the whole volume of the fluid. In the absence of forcing and dissipation, E is conserved. The energy balance is given by
with ε ν = ν |∇u| 2 viscous dissipation rate of kinetic energy, ε κ = κ |∇φ| 2 diffusive dissipation rate of potential energy, and ε x = N u 3 φ exchange rate between kinetic and potential energies (positive on average) that causes an effective dissipation of kinetic energy and a production of potential energy. The setup considered is shown in Figure 1 . Neutral stratification case -For neutral stratification, namely N = 0, the transition from 2D to 3D turbulent phenomenology is determined by the aspect ratio S = L z /L f . As S → 0 (the layer gets thinner), the 2D scenario is recovered, the energy flux is towards the large scales l L f , and kinetic energy grows linearly at a rate ε α = dE k /dt. Increasing the value of S (making the layer thicker), a progressive transition towards the 3D phenomenology with direct cascade is observed. When the vertical scale L z becomes larger than the viscous scale, an intermediate regime with both, the direct and an inverse cascade of kinetic energy appears. In this "split cascade" regime (see Figure 2 ), that is intermediate between 2D and 3D turbulence, a fraction ε α (< ε f ) of the energy input ε f is transferred towards large scales, while the remaining energy is transferred towards small scales, where it is dissipated by viscosity at a rate ε ν . The conservation of kinetic energy provides a constraint for the sum of the fluxes of the inverse and direct energy cascade ε α + ε ν = ε f . By increasing the thickness aspect ratio S, the ratio ε ν /ε α increases (the viscous dissipation dominates) and eventually a complete 3D phenomenology is recovered in which the system attains a stationary state with ε α = 0 (i.e. no energy transfer to large scales). The value of S at which the flux of the inverse cascade vanishes is not universal and may depend on the details of the forcing. In the specific numerical setup used in previous investigations, this behavior was observed for S 1/2 (see Celani et al. [4] ). Stable stratification case -Sozza et al. investigated in [7] how the above scenario is affected by the presence of a stable stratification of density in the fluid layer. In particular, the study focused on how the various quantities which appear in the energy balance depend both on the aspect ratio S and the Froude number F r, this last being defined as the ratio between the inertia and the strength of the stratification. The authors of that study have determined which part of the space (S, F r), i.e. which combinations of the parameters S and F r, allow for the development of an inverse energy cascade.
In order to study the temporal evolution of kinetic and potential energy, they performed a numerical simulation starting with the fluid at rest, and without density fluctuations. The aspect ratio was set to S = 0.25. When the forcing is started, in the first stage, the developing flow is not turbulent, small-scales energy dissipation is zero, and kinetic energy grows at the input rate ε f . After the transient stage, turbulence appears and the potential energy attains statistically steady values which increase as F r is reduced (i.e. stratification increases) . In the turbulent stage, and in the absence of stratification, the kinetic energy grows linearly in time, with a rate dE k dt = ε α < ε f that is equal to the flux of the inverse energy cascade. As the stratification increases, the growth rate reduces, and eventually vanishes (for F r 0.2 in this particular case).
Concerning the kinetic energy spectrum, in absence of stratification, the spectrum at large scales is dominated by the horizontal components, as a consequence of the vertical confinement. For scales larger than the forcing, the spectrum is compatible with the Kolmogorov scaling, confirming the presence of an inverse energy cascade suggested by the (spectral) fluxes behavior. Indeed, the flux of kinetic energy, Π k , displays two plateaus. At small wavenumbers, i.e. k < k f , the energy flux is negative, signaling the presence of an inverse energy cascade. At large wavenumbers, i.e. k > k f , the positive plateau of the flux indicates the direct energy cascade towards small scales. At scales smaller than the vertical confinement, k > k z , the spectrum almost recovers isotropy. In the presence of stratification, for istance F r = 0.15, the horizontal spectrum at large scales is reduced, consistently with the reduced flux (see the discussion below). At small scales, both horizontal and vertical spectra are reduced with respect to the non-stratified case because part of kinetic energy is converted into potential energy.
Moreover, the presence of stable stratification affects the dual cascade of kinetic energy in both ranges of wavenumbers. At small wavenumbers, the flux of the inverse cascade is reduced with increasing stratification (as F r decreases). Simultaneously, in the range of wavenumbers k f < k < k z the flux of kinetic energy toward small scales is enhanced. At large wavenumbers k > k z (larger than the wavenumber associated with the thickness of the fluid layer k z = k f /S), it can be observed the development of a cascade of potential energy, whose flux grows as F r decreases. The direct cascade of potential energy develops at the expenses of the kinetic energy, whose flux shows a significative reduction. At very large wavenumbers k k z , the fluxes of kinetic energy are always smaller than in the non-stratified case, although they display a weak growth at increasing stratification. This indicates that stratification promotes the conversion of kinetic energy into potential energy, rather than to cause an enhancement of the viscous dissipation. Indeed, the exchange rate from kinetic to potential energy, ε x = N u 3 φ , indicates that there is an irreversible conversion of kinetic energy into potential energy that is dissipated by the viscous diffusivity (dissipation rate of potential energy).
From a quantitative point of view, it is interesting to describe the relative amounts of turbulent kinetic energy (TKE) and turbulent potential energy (TPE) transported towards small scales. Indeed, for vanishing stratification (F r → ∞), one has ε ν /ε T → 1 and ε κ /ε T → 0 (often called in literature mixing efficiency). Here, ε T is the total dissipation, namely ε T = ε ν + ε κ . At increasing stratification, the fraction of energy dissipated by viscosity reduces, while the energy dissipation due to diffusivity (dissipation rate of potential energy) grows. In the limit of strong stratification, namely F r → 0, the two dissipations may become of the same order, and therefore the mixing efficiency could approach asymptotically the value 1/2.
Finally, we discuss the vortex stretching. In neutral conditions, the ratio between the fluxes of kinetic energy of the direct and inverse cascade is determined by the phenomenon of vortex stretching. In three-dimensional flows, vortex stretching is responsible for the production of enstrophy, which is related to the rate of viscous dissipation of energy, and therefore to the flux of energy in the direct cascade. In two-dimensional flows, the term responsible for the vortex stretching vanishes, and enstrophy becomes an inviscid invariant. The joint conservation of enstrophy and energy causes the reversal of the energy cascade. In the non-stratified case, the enstrophy flux is constant in the range k f < k < k z = k f /S, indicating the presence of a direct cascade of enstrophy, consistent with a quasi-two-dimensional dynamics. The enstrophy production is activated only at k > k z , where therefore the enstrophy flux is not conserved. In the stratified case (for istance F r = 0.2), the enstrophy flux remains unchanged in the range k f < k < k z = k f /S, and at higher wavenumber a relevant increase of the production of enstrophy with respect to the non-stratified case is not observed. On the contrary, the flux of enstrophy is reduced with respect to the nonstratified case, signaling that a fraction of the enstrophy generated by the vortex stretching is spent in converting kinetic energy into potential energy.
balance between a finite negative kinetic energy flux and a finite positive potential energy flux. This "flux-loop" mechanism was shown by Boffetta et al. [2] . Figure 3 summariazes the scenario also for the three-dimensional case under very stable stratification. 
A possible application for atmospheric turbulence
The phenomena described above could help to explain the observed turbulence behaviour in the atmospheric boundary layer (ABL) and, in particular, in the stably stratified case, which still presents many open issues concerning physical interpration and modeling (see for example Mahrt [5] ). In particular, we look at the parametrization of the share of TKE among the three velocity components, which is a key information for modelling applications concerning, for instance, atmospheric dispersion.
Since stability inhibits the vertical turbulent transport and the flow is influenced by non-local effects even near the surface due to the action of mesoscale eddies, the applicability of the otherwise convenient Monin-Obukhov similarity theory is questionable. Thus, beside the vertical fluxes of heat and momentum, other flow characteristics can affect the share of TKE. In this respect, the budgets of TKE and TPE should provide valuable information, see for istance Zilitinkevich et al. [9] .
Consequently, the findings of [7] concerning the TKE and TPE spectral fluxes -and their dependence on stability and aspect ratio -could be useful in the atmospheric case when the interaction between (almost isotropic) small-scale turbulence and (anisotropic) mesoscale motions occurs: beside the direct buoyancy effect on the vertical velocity fluctuations, the inverse energy cascade can contribute to make the flow anisotropic.
Of course, the complexity of the atmospheric case hinders a straightforward application of the above results. For instance, the determination of the forcing scale is not obvious since the TKE input occurs on a broad range of scales: in the simplest case, these scales are those of the most energetic small-scale eddies (i.e. with size comparable to the height above ground) but this assumes that mesoscale eddies are inactive, which may not be always the case.
Conclusions
In comparison with the neutral case, stratification reduces the intensity of the inverse cascade and the critical aspect ratio at which the inverse flux vanishes. For small values of F r (large stratification), this critical number is found to grow approximately as S c F r. For larger values of F r (vanishing stratification), the critical aspect ratio is found to recover the unstratified limit.
Spectral analysis of the kinetic and potential energy fluxes shows that the suppression of the inverse cascade of kinetic energy is accompanied by the generation of a direct cascade of potential energy which becomes an alternative channel for the transfer and dissipation of the injected energy.
To conclude, for a three-dimensional dynamics, as mentioned by Sozza et al. [7] , a phenomenological model which determines the fraction of energy drained by the direct cascade of potential energy, and a quantitative prediction for the suppression of the inverse energy cascade as a function of both the aspect ratio and the stratification could be very useful. Moreover, an interpretation of the above results in the context of stably stratified atmospheric boundary layers could be of particular interest, and it is a subject of future investigations.
